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Abstract. Let R be a hyperbolic Riemann surface with boundary dR and 
suppose that 7 : [0, T] — > i? U dR is a simple curve with 7(0, T] G R and 
7(0) £ dR. By lifting Rt = R \ 7(0, t] to the universal covering space of R 
(which we assume is the upper half-plane M = {z £ C : Ira[z] > 0}) via the 
covering map tt : H — > _R, we can define a family of simply-connected domains 
Dt = 7r-l(R0 C H. For each t S [0,r], suppose that ft is a conformal map 
of HI onto Dt such that f{z,t) = ft{z) is differentiable almost everywhere in 
(0, T) with respect to t. In this paper, we will derive a differential equation 
that describes how f{z, t) evolves in time t. This should be viewed as an 
extension of the Loewner differential equation to curves on Riemann surfaces 
with boundary. 

The motivation of this paper is the desire to extend Schramm's stochastic 
Loewner evolution to multiply-connected domains and Riemann surfaces. 



1. Introduction 

In 1923, Charles Loewner (then known as Karl Lowner) invented a method 
of studying conformal mappings onto domains slit by a growing curve (see [9j). 
More recently, interest in the Loewner differential equation has been rekindled by 
Oded Schramm's invention of stochastic Loewner evolution (SLE) in [13]. A key 
ingredient in Schramm's work is a version of the Loewner differential equation called 
the chordal Loewner differential equation: let H = {z S C : Im[z] > 0} denote the 
upper half-plane and suppose that 7 : [0,r] ^ H is a simple curve with 7(0) € M 
and 7(0, r] C H. Then the Riemann mapping theorem implies that there exists 
a family of conformal maps {/t}tg[o,T] such that each ft is a conformal map of EI 
onto IHI\ 7(0, <] and ft satisfies the hydrodynamic normalization: ft{oo) — 00 and 

ft{z) ~ z — + O ^~2^ as z — > cx). 

Then c(t) is strictly increasing and positive thus we can reparameterize such that 
c(<) = 2t (the quantity c(t) is known as the half-plane capacity of 7(0, i]). With 
this normalization and parametrization, the function /(z, t) = /t(z) is differentiable 
with respect to t and moreover 

/t(^) — — ^^TTV' 
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where ^{t) — ff ^{"fit)). Here and throughout this paper we wiU use the notation 
ft{z) = and f[{z) = —Mz). 

This differential equation is called the chordal Loewner differential equation and ^(t) 
is called the chordal driving function of the curve 7. Chordal stochastic Loewner 
evolution with parameter k is defined to be the random family of conformal maps ft 
obtained as the solution of the Loewner differential equation with driving function 
\/KBt for some k > 0, where Bt is standard 1-dimensional Brownian motion. It 
turns out that, in some sense, SLE are the only conformally invariant 2-dimensional 
processes. This is important because many lattice models in probability and sta- 
tistical physics are conjectured to have conformally invariant scaling limit. Since 
its invention, many previously intractable problems in the field have been solved 
rigorously using SLE. For full details on the construction of the chordal Loewner 
differential equation and SLE, see |7] and [TO] . 

One of the problems in the area is how to define SLE on a multiply-connected 
domain or Ricmann surface (see |14|V There are several papers which consider this 
problem: in [TS] and [Hj, Dapeng Zhan looks at SLE in an annulus defined via 
the Schwarz kernel formula. Also, in his PhD thesis, [T7|, Dapeng Zhan invented 
a measure on curves on Riemann surfaces which in the simply-connected case, 
corresponds to SLE. Finally, in [3], Robert Bauer and Roland Friedrich define SLE 
on planar multiply-connected domains via Komatu's generalization of the Loewner 
differential equation to multiply-connected domains given in [6]. In this paper we 
will introduce a Loewner differential equation on the covering space of a Riemann 
surface with boundary. This can be used to define SLE on Riemann surfaces. 

More specifically, we will do the following: suppose that i? is a multiply-connected 
domain or Riemann surface with boundary dR, then the uniformization theorem 
implies that R is conformally equivalent to H/F where F is a Fuchsian group that 
preserves H and contains no elliptic Mobius transformations (see JT, Chapter 10]). 
Suppose that 7 : [0, T] RUdR is a simple curve such that 7(0) G dR and 7(0, T] C 
R. Let TT : H ^ i? be the covering map such that group of deck transformations 
(automorphisms) of tt is F. We can lift 7 via tt to a curve 7 : [0,T] ^ H with 
7(0, T] C H and 7(0) G R. Then 

Kt^7T-\^{o,t])^ y 0(7(0, t])- 

4>er 

Moreover, for t Cz [0, T], M \ Kt is a simply-connected domain so by the Riemann 
mapping theorem, there exists a family of conformal bijections ft that map H 
conformally onto M\Kt. For each t e [0, T], the function tt o ft : H ^ i? \ 7(0, t] 
is a universal covering map of i? \ 7(0, t]. Also, the family of functions ft induces 
a family of Fuchsian groups Ff ~ /^^ ° T o {ft^^^ ° (f) ° ft ■ <i> G T} such that 
i?\ 7(0, t] is conformally equivalent to H/Ft. We will see later that if we normalize 
the functions ft appropriately, then f{z,t) = ft{z) is differentiable with respect to 
t at least for almost every t e (0, T). We will call the family of functions {ft}te[o,T] 
a Loewner chain corresponding to the curve 7 on R. We will prove that in the case 
where i? is a finite Riemann surface (so that F is finitely-generated), /* satisfies 
a version of the Loewner differential equation. Without loss of generality, we will 
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always assume that R = H/F and tt : H ^ H/F is the quotient map; the result for 
general Riemann surfaces follows from conformal equivalence. 

Theorem 1.1. Suppose thatV is a finitely-generated Fuchsian group preserving M 
such that R = H/F is a Riemann surface with boundary dR. 

Let 7 : [0,T] —^ RU dR be a simple curve such that 7(0, T] d R and 7(0) G dR. 
Let {ft} be a Loewner chain corresponding to the curve j on R and let Ft — 
f^T o F o /f . Also let 4>i.t, • ■ ■ , <j>n,t be the hyperbolic free generators ofTt such that 
each (pk^t is differentiable with respect to t for almost all t £ (0, T). Suppose that 
we can find c G M such that c is not in the limit set of Ft for all t G [0, T] . Then, 
ft satisfies 

ft{z)^ f[{z)P{z,t), 

where 

r 1 L Y^" X, (f\ ( 'i>t{z)-<i>k,t{c) •j>t(z) \ 



<t>'Az) 4,'^(z) 



Here, (,{t) satisfies tt o /j ^{^{t)) = 7(i),' A(t) and Si{t), . . . , Sn{t) are real-valued 
functions. 

We will see that the functions Si{t),.. . ,dn{t) in Theorem 11.11 can be found by 
solving a system of linear equations (Lemma 14. 3p and they ensure that the sum in 
the numerator of P{z,t) converges. 

The idea of the proof of Theorem 1 1.1 1 is as follows: we first study the properties 
of the function 

P(z t) = ^ 

We will then construct a function that satisfies these properties. The theory of 
automorphic functions (see [S] or will then guarantee that our function only 
differs from P{z,t) by the function X{t). 

We will also show that, as in the case of the radial Loewner differential equation 
and the chordal Loewner differential equation, the converse is also true as well i.e. 
given functions ^{t) and X{t), we can solve the differential equation 

gt{z) — ~P{gt{z),t) with initial condition go{z) = z, 

where P{z, t) is given in Theorem 1 1.1) to get a family of conformal maps {gt}- Each 
gt maps a domain _ff < C H conformally onto H. In addition, Ht is F-invariant (i.e. 
4>{Ht) = Ht for all (/) G F) and hence if tt : M ^ i? denotes the universal covering 
map whose automorphism group if F, then {ir^Ht)} is a family of sub- Riemann 
surfaces of R and tt o g^ : H — s- TT{Ht) is a universal covering map. The additional 
difficulty in our situation compared to the simply-connected case is that we need 
to be able to determine the family of Fuchsian groups {Ft} beforehand in order to 
be able to solve the differential equation to find the conformal mappings gt. This 
corresponds to the fact that unlike in the simply-connected case, the Teichmiiller 
space of R is non-trivial. This is related to ^ Section 6] . 

The rest of this paper is structured as follows: 

§2: We will recall without proof some facts from the theory of Fuchsian groups 
and automorphic functions. 
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§3: We will look at some properties that the function P{z, t) satisfies. 

§4: The results from the previous section will be used to prove Theorem ll.il 

§5: We will consider the special case where F is generated by a single hyperbolic 
Mobius transformation and hence H \ F is conformally equivalent to an 
annulus. In this case, the differential equation has a simpler form. 

§6: We will prove that the converse of Theorem ll.il 

§7: Finally, we will make some brief comments on how stochastic Loewner 
evolution on Riemann surfaces can be defined using our results. 

2. FUCHSIAN GROUPS AND AUTOMORPHIC FUNCTIONS 

In this section, we will recall some basic definitions and results which we will 
need in this paper. References to the literature will be provided where appropriate. 

Recall that a Mobius transformations cf) : C ^ C (where C denotes the Riemann 
sphere C U {c»}) is a function of the form 

(b(z) — — -i— for a,b,c,d Cz C with ad — be ^ 0. 

We say that a Mobius transformation (f> preserves the upper half-plane H if 
4>{M.) = H. An equivalent condition for (j) to preserve H is a, b,c,d € M. Note 
that the set of all Mobius transformations that preserve H form a group under 
composition which we denote A4. 

We can classify the Mobius transformations that preserve H by their fixed points 
(i.e. points c G C such that (/)(c) — c). If is a Mobius transformation that preserves 
H, then 

(1) (j) is elliptic if it has exactly 2 fixed points in C that are not contained in 

an = R u {oo} ■ 

(2) (/) is parabolic if it has a unique fixed point in 9H; 

(3) (j) is hyperbolic if it has exactly 2 fixed points in dM. 
These are the only possibilities for (j) (see [H p. 67]). 

A Fuehsian group F is a subgroup of A4 such that the induced topology on F from 
the topology of local uniform convergence on M is the discrete topology i.e. the 
group is discrete (see [H Section 2.3]). The Hmit set of a Fuehsian group F is the 
closure of the set of all fixed points of hyperbolic Mobius transformations contained 
in F. An equivalent definition for the limit set A is the following: for z g H, A is 
the set of all w such that 4>n{z) w where (0„) is a sequence of distinct Mobius 
transformations in F. This does not depend on the choice of z £ H. See (H p. 96-98] 
for more details. From the first definition, it is clear that A C dM. If A ^ dM, then 
we say that F is a Fuehsian group of the second kind. If F is a Fuehsian group of 
the second kind, then it can also be shown that if a; S M \ A, then the set of limit 
points of cc is A (see [H Theorem 5.3.9]). We will need the following result. 

Lemma 2.1. If T is a Fuehsian group of the second kind such that oo ^ A, then 
the series 

4>er 

converges locally uniformly in C \ A. 

Proof See |5l Section 47]. □ 
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Note that if F is a Fuchsian group of the second kind, then C/F is a Riemann 
surface (see [H Theorem 6.2.1]). 

Let F be a Fuchsian group of the second kind with hmit set A. Suppose that is a 
meromorphic function on H. We say that ^' is character- automorphic with respect 
to F if 

*(p(z)) = for all p e F 

for some xip) G C. x is called the character of and it is easy to see that it 
satisfies 

X{pi o P2) = x{pi)x{P2) 

for any pi,p2 E F. 

A character- automorphic function is an automorphic function if xip) = 1- We 
will be interested in a special class of automorphic functions: ^' is a simple auto- 
morphic function with respect to F if it satisfies 

(i) ^' is meromorphic function on C \ F; 

(ii) \l/ is automorphic with respect to F; 

(iii) if p is the fixed point of a parabolic Mobius transformation in F, then the 
limit of as z — > p inside a fundamental region of F (see O p. 37]) 
exists (the limit may be infinite). 

Note that any simple automorphic function defines a meromorphic function on the 
Riemann surface C/F. We will need the following important results on simple 
automorphic functions. 

Lemma 2.2. Suppose that T is a Fuchsian group of the second kind with funda- 
mental region F and is a simple automorphic function with respect to F. Then 

(i) the number of zeroes of^ contained in F is the same as the number of poles 
of ^' contained in F ( counting multiplicities ); 

(ii) if ^' is not constant, then takes every complex value the same number of 
times in each fundamental region; 

(iii) if 'J has no poles in F , then '5 is constant; 

(iv) if ^1 has exactly one pole in F , then ^E* is constant. 

Proof. For the proofs of (i), (ii) and (iii), see [5, Section 42]. For (iv), note that 
if ^' is a non-constant simple automorphic function with exactly 1 pole in F , then 
by (i) and (ii), it defines a conformal map of C/F onto C. This is a contradiction 
because C/F cannot be conformally equivalent to C. □ 

3. Properties of the function P[z, t) 

Let _D C C be a simply-connected domain. We define a hull in £) to be a 
closed set K <Z D such that D \ if is also a simply-connected domain. Suppose 
that {Kt\te[vi,T] is a family of hulls in a simply-connected domain I? C C and let 
Dt ^ D \ Kf. We will call the family {Kt} a continuously growing family of hulls 
in D if it satisfies the following properties: 

(1) Ko = 0;KtC D; 

(2) Ks C Kt for s <t] 

(3) For s £ [0,T], Z?t ^ as i — > s; this convergence is in the sense of 
Caratheodory kernel convergence with respect to any point in D\ Kt (see 
[a p. 29]). 
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Lemma 3.1. Suppose that {Kt} is a continuously growing family of hulls in D. 
Then there exists a family of conformal maps {ft} such that each ft is a conformal 
map of D onto D\Kt and moreover f{z,t) = ft{z) is differentiahle with respect to 
t almost everywhere in (0,T). 

We will call the family of functions {ft} in Lemma |3. II a generalized Loewner chain 
in D corresponding to the continuously growing family of hulls {Kt}. 

Proof of Lemma WJ\ We first assume that _D = D = {zeC: \z\ <1} the unit disc 
and ^ Kt for all t g [0,T]. Let ft be the unique conformal map of D onto Dt 
such that /t(0) = and //(O) = r{t) > (which exists by the Riemann mapping 
theorem). Then note that properties (2) and (3) above imply that r(t) is continuous 
and strictly increasing. Then the proof of Lemma 6.1 in [12] shows that 



for all z G ED and for some constant C > 0. In particular, this implies that ft{z) 
is absolutely continuous with respect to t and so by Fatou's Theorem is almost 
everywhere differentiable with respect to t. 

In the general case, by property (1), we can find w G D \ Kt- By the Riemann 
mapping theorem, there exists a conformal map ^ : D —^ H with ^{w) = 0. We 
let Kt — tp{Kt). Then Kt is a continuously growing family of hulls in D such that 
Q ^ Kt for all t e [0,T]. Hence by the previous part, we can find conformal maps 
ft of D onto D \ i^t such that f{z,t) = ft(z) is differentiable for almost all t. We 
define ft = o ftoip. Then ft is a conformal map of D onto D\Kt and moreover 
f{z,t) = ft{z) is differentiable almost everywhere with respect to t. □ 

Remark. Note that if 4>t is a family of conformal maps such that for fixed t, (j)t is 
a conformal automorphism of D and also (f>t{z) is differentiable with respect to t for 
almost every t G (0,T). Then Ft = ft o (pt is also a family of conformal mappings 
of D onto Dt such that ft{z) is differentiable for almost every t. Thus we conclude 
that there are many different normalizations of ft such that ft{z) is differentiable 
for almost every t € (0,T). 

We return to the situation we are interested in. Let F be a finitely generated 
Fuchsian group such that i? = H/F is a Riemann surface with boundary dR and 
let TT : EI ^ i? be the quotient map. We define X to be a hull in i? if X is a closed 
set in R such that 'it~^{K) is a hull in H. If {Kt}te[Q.T\ is a family of hulls on i?, we 
say that {Kt}te[o.T] is a continuously growing family of hulls if {'^^^{Kt)}te[<:).T] is 
a continuously growing family of hulls in H. 

So suppose that {Kt}te[Q.T] is a continuously growing family of hulls in R. By 
Lcmma l3.ll wc can find a family of conformal maps {ft}te[o,T] such that ft maps H 
onto Ht = M\ TT^^{Kt) and f{z, t) — ft{z) is differentiable for almost all t £ (0, T). 
The family of functions {ft}t£[o,T] is called a Loewner chain corresponding to the 
continuously growing family of hulls {Kt}ti^[Q,T] on R. Then, for some set E C (0, T) 
of Lebesgue measure 0, we define the function P : H x ([0, T] \ i?) ^ C to be 



\ft{z)-fs{z)\ < 



C\z\ 



-{r{t)-r{s)) 



P{z,t) 



LOEWNER CHAINS ON RIEMANN SURFACES 



7 



Note that each Ht is F-invariant i.e. 

cl){Ht) = Ht for any e T. 

Hence ff^ o (l>o ft is a conformal automorphism of H and hence is also a Mobius 
transformation preserving M. Thus, if we define 

= o r o /i = {/-I o </> o G r}, 

then Ft is also a Fuchsian group. Also, note that f^^{-K~^{dKt n R)) C dM is not 
contained in the limit set of F^. Hence, for t € (0,T], we have At ^ dM. i.e. Ft 
is a Fuchsian group of the second kind. 

Lemma 3.2. The function P{z, t) satisfies 

P{Mz),t) = cl>i{z)P{z,t) - Mz) 

for any (jiteVf 

Proof. Note that for any (j)t € Ft, we can write (^t = ff^°(t^°ft for some (f> gT. 
Also note that ft satisfies 

Mz) = fl{z)P{z,t), 

and if gt = f^^, then 

gtiz) = -P{gt{z),t). 

Hence, the result follows from differentiating (pt = 9t° 4>° ft with respect to t using 
the chain rule. □ 

Now let 7 : [0, T] ^ U Oii be a simple curve such that 7(0, T] c i? and 

7(0) € dR. In the above notation, wc let = 7(0, t]. Then {Kf} is a continuously 
growing family of hulls in R and we define the Loewner chain {ft} and P{z,t) as 
above. Note that we can write 

7r-i(7(0,t])= U mO,t]), 
where 7 : [0, T] ^ H is a simple curve with 7(0) e M and 7(0, T] C H. Let 

m = ft-'m))- 

Lemma 3.3. Let Kt = 7(0, t] be as above. Then P{z, t) is a meromorphic function 
m C\At and moreover, the only poles of P{z,t) are simple poles of negative residue 

at 4>t{C{i)) for each (j)t GTt- Also, the function ^(t) is continuous and, the limit of 
P{z,t) as z tends to the fixed point of a parabolic element ofV inside a fundamental 
region exists. 

Proof. Suppose that t G (0, T) such that P{z, t) is defined and take s <t sufiiciently 
close to t. Let Ft = f~^ o ft and 7* be the preimage of /s~^(7r~^(7(s, t))) under Ft- 
Then we can write 

11= U <^«('^t')' 

where is an interval on the real line containing £,{t). By the Schwarz refiection 
principle, Ft can be extended to an analytic map on M\It. Note that by the chain 
rule, 

Ft{z)^F^{z)P{z,t). 
Thus P(z, t) is also analytic in 11 \ If. Then as s — + t, we have ns<f "^t ~ {^(0}- 
Hence P{z,t) is holomorphic in H \ {0t(^(i)) '■ € Ft}. 
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For each t G [0, T], by the Riemann mappmg theorem, there exists a unique 
conformal map gt '■ H \ 7(0, i] — > H such that Ijt is normahzed hydrodynamicaUy 
i.e. 5t(oo) = 00 and 

~ c(t) 

gt{z) — z ^ h 0{z~'^) as z 00. 

Here, c{t) is the half-plane capacity of 7(0, t] and is strictly increasing and hence is 
differentiable for almost every t G (0, T). Hence for almost all t e (0, T), gt satisfies 
the chordal Loewner differential equation 

m 



tiz) 



9t{z)-m' 



where ^(t) = 5t(7(0) (see [H Section 4.1]). Note that ^(i) is continuous (see [71 
Lemma 4.2]). 

Let j3t = ]jt ° ft- Using the Schwarz reflection principle, we can extend Pt to a 
conformal mapping of a neighbourhood of ^ (t) to a neighbourhood of ^ (t) with 

So in particular, f3t is conformal at ^(t) and thus has Taylor expansion 

f3t{z) = m + aiA^ - m) + a2,t{z ~ CW)' + ' ' ' 

near z — S,(t). This also implies that ^{t) is continuous. 
By the chain rule, for almost all t £ [0, T], 

A(z) - MMz)) + g'tiMz))Mz) 

pt{z)-m 

Substituting the Taylor expansion of (3t{z) about z — ^(t) and using the fact that 
$t{£.{t)) < 00, we deduce that P{z, t) must have a simple pole at z = ^(i) of residue 

-m 
m{t)y 

Note that the fact that c{t) is strictly increasing implies that c{t) > and, also, 
the fact that (3t maps an interval containing ^(t) to an interval containing ^(i) 
preserving orientation implies that /3((^(<)) > 0. Hence P{z,t) has a simple pole 
at z = ^{t) of negative residue. By Lemma [3.21 this also implies that P{z,t) has 
a simple pole of negative residue at 4't{(,{t)) for each (j)t £ Ff. In particular, the 
singularities of P{z,t) at (j)t{^{t)) are not branch point singularities. This implies 
that P{z, t) can be extended to a meromorphic function in C \ At 

Finally, suppose that pt is the fixed point of a parabolic Mobius transformation 
in Ff. Note that the angular limit (i.e. the limit as z — s- in a Stolz region at pt 
- see [Til P- 6]) exists. Moreover, since ft maps H into itself, by the Julia- Wolff 
Lemma (see [TTl Proposition 4.13]) the angular limit of //(z) as z — > also exists. 
This implies that the angular limit as z ^ pt of P{z, t) exists and in particular, the 
limit of P(z, i) as z — > pt inside a fundamental region also exists. □ 

We will now construct a particular character-automorphic function (see Section 
2) that will be important to us. This function also appears in [S] Section 99] and 
in [H]. 



LOEWNER, CHAINS ON RIEMANN SURFACES 



9 



Lemma 3.4. Suppose that T' is a Fuchsian group of the second kind with limit set 
A' such that oo ^ A' . Let 

z — <j) o ip[c)^ ^ 



*(z) ^ n 



<f>er' 

for some € T' and c G R \ A'. Then 

(i) ^' is well-defined and is a holomorphic function m C \ A' with no zeroes; 

(ii) ^' is character- automorphic with character 

for pe r. 

(iii) if p IE V is a parabolic or elliptic Mobius transformation, then 

xip) - 1; 

(iv) the limit o/^'(z) as z tends to the fixed point of a parabolic element of V 
inside a fundamental region exists; 

(v) the function ^! does not depend on the choice o/ c G M \ A' i.e. for c, c' G 
R\A', 



= n 



per' 



z — (j) o il){c) 



n 

4>ev' 



z — 4> o 'ip[c') 
z - (j){cJ) 



Proof, (i): The fact that the infinite product in 5* converges follows from Lemma 
2.11 (see |5] Section 50]). Moreover, for every term {z — (f){c)) in the denominator the 
same term also appears in the numerator. Thus VE" has no poles or zeroes except 
at the accumulation points of 4>(c) on R but these points are contained in the limit 
set A' (see Section 2). Hence has no zeroes or poles in C \ A'. 



(ii): Note that for any a G C and Mobius transformation 0, we have 
(3.1) (z 
Hence we can write 



^^^^^ ^no){r'{z)-af 



(0-i)'(z) • 



0'(c) 



This implies that for any p G F, we have 



*(p(z)) 



n 

<t>er' 



0'(v(c))\ /r'op(z)-^(c) 



4> ^ o p[z) — c 



n 
n 

<ier' 



^'{^lj{c)){p-'oc^y{c) 
,ycj,'{c){p-^o^y{^{c)) 



M>iz). 
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Hence 

(iii): Now let T p be the subset of V consisting of all Mobius transformations of 
the form cj)* o <f) where , S F' and (jf ^ p such that every element in the left 
quotient space of V under the stabilizer of p corresponds to a unique element in 
T p. If (0 G r' is an elliptic transformation, then p must be of finite order M since 
r' is discrete (see ^ Theorem 5.3.11]). Thus, F is the disjoint union of p^{Vp) for 
A; = 0, . . . , M — 1 and hence we can write 

^yp> 11 11 0(c)) ■ 

Then note that 

Upip = n (,.o0)'(^(c)) 

0'(^(c)) 

where for the last equality, we have used the fact that p is of order AI. Similarly, 

M 

n p'ip" o 0(c)) = 1. 

Thus 

X{p) = 1- 

If p is a parabolic Mobius transformation, then T is the disjoint union of p'^lTp) for 
fc e Z and hence 

Then, 

(p'=o0)'(VXc)) 



n p'ip'^oct^o^ic)) = n 



,^_^{p'-'o4>y{m) 

(P^^O0)'(^(C)) _ 

M^oo p-^^-V(V'(c)) 

where, for the last equality, we have used the fact that and p^*^ both converge 
to the unique fixed point of p (since p is parabolic) as M —t oo. Similarly, 

oc 

n p'(/o0(c))=i 

k— — OQ 

and hence 

X{p) = 1. 



(iv): Suppose that p G R is a fixed point of a parabolic element of V . Then we can 
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find a Mobius transformation C, such, that ({M) — H and = oo. Then using 
()3.1|) . we can write 



Then as Im[z] — > cxd, 



C'(C~^°'^(c)) 

and this impHes that the hmit of ^'(z) as z — > p inside a fundamental region exists. 



(v): Let 



2 



\E'*(z) 



z — (po tp{c') 

Z - (j)(c') 



From the formula for the character in part (ii), we can see that the character of 
and only depend on the accumulation points of the sets {0(c) : 4> £ T'} 
and {0(c') : 4> € T'} but this is exactly the limit set A' (see Section 2). Hence 
the characters of 4" and ^* are identical and part (iv) implies that ^'(z)/\I'*(z) is 
a simple automorphic function with no zeroes or poles. By Lemma I2.2f iii) it is 
constant. Moreover, since oo is an ordinary point of Ff , by considering the limit as 
z ^ oo, we deduce that ^{z)/'^'*{z) = 1. □ 

We end this section with the main lemma which we will use to determine P{z, t). 

Lemma 3.5. Suppose that oo ^ At for all t G [0, T] and there exists c G M \ At for 
all t G [0, T]. Suppose that ipi.t, ■ ■ ■ , i^N.t G Tt satisfy 

for some ipk G T for each k — 1, . . . , N and let 6i{t), . . . , S^it) be real-valued func- 
tions on [0,T]. Fort G (0,T) such that P{z,t) is defined, let 

N 



k=l 

where, for k = 1, . . . , A^, 



*mw= n 

<t>tert 



Z- 4>t Ol/)fe_t(c)"'^ 



0t(c) 



Define 



Then ^t{z) is a meromorphic function in C\ At whose only poles are simple poles 
of real residue at (/^tiCit)) for each (fit G Ft. Moreover, Sf(z) satisfies 

St{pt{z))=Et{z)^Y.5k{t)^^^^ 

^ XkAPt) 
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for any pt € Ft where 



xkApt) = n 

0fGrt 



/or fc = 1, ... ,7V. 

Proof. Firstly, by Lemma 'i>k,t{z) satisfies 

*fc,t(pt(z)) = Xfe,t(/5t)*fc,t(2) 

for all e Ft. This implies that "iftiz) satisfies 
for all Pt G Ft where 

N 

xt{pt) = l[xkApt)'''^'^- 

k=l 

This implies that for any pt € Ff, 

^kAz) ^ ^kAptjz)) . , .%Apt(£)l _ . ^ ^(xmU)) 

Also, by Lemma \3l2\ 

P{z,t) = ^P{pt{z),t)+P^ 
Substituting these into the formula for St(z), we get 

St(pt(.)) = St(z)-f:4W-^^^'='*^''^^ 



fc=l 



XkApt) 



By Lemmas 13.31 and I3.4f i) . we deduce that ^t{z) is a meromorphic function in C\ A 
whose only poles are simple poles of real residue at 4>t{£,{t)) for each (pt G Tt- □ 



z - ak{t) 



Remark. Lemma 13.51 also holds if 

= n ' ^ 



2 - 

- t 

where afe(t) = /t^^A^) and 6fc(t) - /t^H-Bfc) for 



Ak,Bkem\7T-\A0,T]). 

Note that in this case, St(z) does not have poles at ak{t) and 6fc(t). This can 
be seen by considering the residue of St at z = 4>t[aAt)) for some 4>t G Ft and 
k — 1, . . . ,N: this is 

P{Mak{t)),t) ~ (j)'t{aAt))aAt) + Mak{t)) 
and by Lemma 13.21 it is equal to zero. Similarly for (f)tibk{t))- 
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4. The proof of Theorem 11.11 



Our strategy to prove Theorem 11.11 is as follows: we first construct a function 
Tt that is a possible candidate for the function St given in Lemma [3.51 We will 
then show that if we choose ipi^t, ■ ■ ■ , '4'N,t and Si{t), . . . , SN(t) in Lemma 13.51 ap- 
propriately, then St(z) will be equal to Tt(z) plus a function which only depends 
on t. 

Lemma 4.1. Suppose that T' is a Fuchsian group of the second kind with limit set 
A' and let C e R and c e R\ A'. Let 

1 



Then 



(i) Tr' is a meromorphic function m C \ A' whose only poles are simple poles 
of real residue at 0(0) for each G F'; 

(ii) Tr' satisfies 



T — 



1 



, ° P(c) '/'(c) 



for any p V ; 

(iii) if p IE T' is an elliptic or parabolic Mobius transformation, then 

Tr'(p(z)) = Tr'(z); 

(iv) the limit of Tp' (z) as z tends to a fixed point of a parabolic element of V 
inside a fundamental region exists; 

(v) up to a different constant C, Tp' (z) does not depend on the choice of c & 
M\ A' i.e. fore' G K \ A', 

1 



for some C G 
Proof (i): Note that 



(^) 



Hence the locally uniform convergence of the sum in the definition of Tr' follows 
from Lemma 12.11 as in the proof of Lemma I3.4r i). Hence Tr' is a meromorphic 
function in C \ A' whose only pole is a simple pole at ^(0) for each (p E T'. 



(ii): For p G F', 

^T'ipiz)) 



L 

o p{z) (j){c) 

E 

4>er' 



,\4>°p{z) (t)°p{c) 



(j) O p(c) (/)(c) 



Tr'(z) 



y — 



per 



, <P ° P(c) 0(c) 
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(iii): Let 



gp', ° P(c) 0(c) ■ 



Then the proof that K{p) — whenever p is an ehiptic or parabohc Mobius trans- 
formation in r' is similar to proof of Lemma l3.4r iii). We leave this to the reader. 

(iv) : The proof of this is almost identical to the proof of Lemma 13.41' iv') so we also 
omit this proof. 



(v): Finally, if 



then 

Tr'{z) ~ T*{z) = V -— - — — = constant. 



□ 



As in the previous section, we will suppose that 7 : [0,T] ^ R(J OR is a simple 
curve such that 7(0, T] d R and 7(0) S dR and ft is a Loewner chain corresponding 
to the curve 7 on i? so that each ft is a conformal map of H onto H \ 7r~^(7(0, t\). 
We can write 

7r-\j{0,t])= U 0(7(0, i]), 
where 7 : [0, T] ^ H is a simple curve with 7(0) G R and 7(0, T] C H. Let 

Let F' = Fj where F^ is obtained by conjugating each Mobius transformation in 
Ft with the map z 1-^ z + £^{t) i.e. 

Ti = {z^Mz+m)-m-<pteTt}. 

With Tpe(z) as defined in Lemma |4T] (with C = 0), we define 
Tt(^) = T^,{z-m) 

By Lemma l4.1f i). Tt(z) is a meromorphic function in C \ At whose only poles are 
simple poles of real residue at <j)t{£,{t)) for each <j)t G Ff. Also, by Lemma 14711 ii). 



Tt(pt(^)) = Tt(z) + 



E 



t^i- 1 

for all pt ^ Tt- 

We want to construct a function Sf(z) (as in Lemma [3. 5 P such that 

Etiptiz))~Tt{ptiz))^Etiz)-Ttiz) 

for all pt e Ft. Note that, by Lemmas 13.51 and l 4.ir i). St(-z) and Tt(2:) are both 
meromorphic functions on M \ At whose only poles are single poles of real residue 
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at the Ft-orbit of ^{t). Hence Qt{z) — St(z) — ft (2) is an automorphic function 
with exactly one pole in any fundamental region of Ft . Then Lemma I2.2f iv) will 
imply that Qtiz) depends only on t. 

Note that by Lemmas 13.51 and 14. If ii) . — Tt{z) satisfies 



where 



ft ixkApt)) 

^ Xk,t(.Pt) 



(4.1) Jtipt) = Y.^kit)"' 

fe=i 

(4.2) Mpt) ^ J2 ^ 



0t o Pt(c) - e(t) Mc)-m' 

0tti t 

where Xfc,t(Pt) for fc = 1, . . . A'^ is defined in Lemma 13.51 Hence we want to show 
that Jt{pt) + Kt{pt) = for all pt € Fj. By Lemmas 13.4^ 111) and l4.ir iii). when pt 
is an elliptic or parabolic Mobius transformation Jt{pt) — Kt{pt) — and hence 
Jt{pt) + Kt{pt) = Q. 

Also note that Jt and Kt satisfy 

MPi,t ° P2,t) = Jt{Pi,t) + Jt{P2,t) 

Kt{pid°P2d) = Kt{pi,t) + Kt{p2,t) 

for any pi,t,P2,t S T*. Hence Jt and Kt are uniquely determined by their values 
at the hyperbolic generators of Fj. For t e (0,r], we suppose that Ft is generated 
freely by hyperbolic Mobius transformations (t>i.t, ■ ■ ■ , (t>n,t and possibly some other 
elliptic or parabolic Mobius transformations. We can assume that 

(t>k,t ^ ft^^ ° 4>k o ft 

for some (/j^ g F and hence (j)k.t (z) is differentiable almost everywhere with respect to 
t. We wish to construct ^'4(2) such that Jt{4>k,t)+Kt{(t)k.t) = for each k — 1, . . . ,n. 

Lemma 4.2. Suppose that 00 ^ At for all t G [0, T] and there exists c € M \ Aj for 
all t G [0, T] . Suppose that Rt : Tt R satisfies 

Rt{pi,t o P2,t) = Rt{pid) + Rt{p2d) for all pi,f,p2,t e Tt 

and R{pt) = for elliptic or parabolic Mobius transformations pt G Ft. Then, for 
t G (0, T) such that P{z, t) is defined, we can find 5i{t), . . . , (5„(t) G M such that if 

and 

n 

*t(^)-n*M(2)''='*\ 
fe=i 

then St(z) as defined in Lemma \3. 5\ satisfies 

Et{pt{z)) = Et{z) + Rt{pt) for any pt GTt. 
Proof. First note that if 

, 25fc(t) 

Z - O (j>k,tic) 



^t{z) = 

fc=l 
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then, by Lemma [33] 



^t{pt{z)) = St(z) - ^4(t)li^^^M for any pt € Vt 



k=l 



Xk,t{Pt 



and, by Lemma l3.4r iii). if pt is a parabolic or elliptic Mobius transformation, 

^ XkAPt) 

Let 

^ ^ ( TtiXk,t{4>i,t)) Tt{Xk,t{4>n,t)) \ 

^ \ Xk,Ml,t) Xk,Mn,t) j 

for k = 1, . . . , 71. Since the value of Rtipt) is determined by the values of Rt{4>k,t) 
for k — 1, . . . , n, we only need to show that we can find 5i (<),... , i5„(t) € IR such 
that 

+ • • • + 5n{t)Xn{t) = (-i?t(0i,t), . . . , -Rt{K,t)). 
This follows if . . . Xn{t) form a basis of K". Thus it is enough to show that 

. . . ,Xn{t) are linearly independent. So for fixed i, suppose that we can find 
ai , . . . , an S M such that 

aiXi(i) + --- + a„X„(t) = (0, 

This implies that if we define 



,0). 



fe=i 

then defined from 5'A:.f(z) and for /c = 1, . . . ,n using Lemma |3 . 5 1 satisfies 

for every pt G Ft Then this fact and Lemmas 13.31 and I3.4r iv) imply that S((z) is 
a simple automorphic function whose only poles are simple poles of real residue at 
the Ft-orbit of ^(t). Lemma [2^ iv) implies that the residue at each simple pole of 
S((z) must be zero i.e. has no poles. Since P{z,t) has poles at the Fj-orbit 

of £,{t) by Lemma l373l we deduce from the formula for (z), that 

mnz) „ 

This implies that ^t{z) is constant. Furthermore, by considering the behaviour as 
z ^ oo of (z), we must have ^'t (z) = 1- We will show that this implies that 

ai = • • • = a„ = 0. 



First suppose that 



where a^, bk G Z for k = 1, 
as 



ai 



ai _ a„ 

-— , . . . , Oin — — , 

Ol On 

n. Then using Lemma l3.4r v). we can write ^'t(z) 



n 



Z-(j)tO (f>t{c) 
z - <^t(c) 



26 
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where (p^ — o • • • o and b = bi ■ ■ ■ bn- Hence 

n z-(t)tO(j)*t{c) ^ 
z-Mc) 

This imphes that (j)* is the identity and, using the fact that 0i,t, . . . ,(t'n,t are free, 
this implies that ak = for k = 1, . . . ,n. Thus 

Qfl = • • • = Q!„ = 0. 

Now suppose that ai,...,Q;„ are not all rational. Then by approximating 
ai, . . . ,an by rational numbers and following a similar argument, we deduce that 
we can find aij-, . . . , a„j- € Z such that 



O • • • O I 



Id locally uniformly, as j — s- cx) 



where Id is the identity mapping. By discreteness, this implies that for sufficiently 
large j, we must have 

fut' ° • • ■ ° c:t' = Id. 

As in the case where ai, • • • , a„ are rational, this implies that 

ai = ■ ■ ■ = an = 0. 

□ 

Remark. Lemma [4.21 is very similar to the Lemma 3.7 in [T5] . 

This lemma allows us to construct the desired function 

Lemma 4.3. Suppose that oo ^ At for all t e [0, T] and there exists c G M \ Aj for 
all t e [0,T]. For t G (0,T) smc/i f/iat P(z,t) is defined, let 6i{t), . . . ,6n{t) he the 
solution of the system of linear equations 

it iXlA4>k,t)) ^ ^ ^^^^^^ i {Xn,Mk,t)) _ y 1 1 

^ Xl.t{<Pk.t) " Xn,Mk.t) /-i (l)t{c)-i{t) (j)t o (j)k^tic) - ^{t) 

fpt^^ t 

for k — l,...,7i. Note that this system of linear equations always has unique 
solution. If 

and we define St(z) as in Lemma \3.5\ then '^t{z) — is automorphic. 

Proof. Lemma 14.21 guarantees that this system of equations always has solution. 
Then note that ((4T|) . (|4?2|l implies that 



^t{Mz)) ~ Tt{i>kA^)) = Et{z) ~ Tt{z) 
for all fc = 1, . . . , n. This implies that 

Et{ptiz))-TMz)) = Etiz)-Ttiz) 
for aU pt e Ft. □ 
We will now use the preceding lemmas to prove Theorem ll.il 
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Proof of Theorem \l.l\ By Lenima l473l we can find (5i(t), . . . , 5n{t) such that Qt{z) — 
St(z) — Tt(z) is an automorphic function. Moreover, by Lemnias l3.4f iv) and l4.ir iv). 
the hmit of Qt{z) as z tends to a fixed point of a parabohc element of Fj exists. 
Hence Qt{z) is a simple automorphic function. Then note that the only possible 
poles of Of(z) are simple poles at (j)t{£.{t)) for each 0f e Tt- Thus Lemma r2.2f iv') 
implies that 64(2) = X*{t) for some X*{t) G K and thus Et{z) = Tt(z) + A*(t). This 
implies that 



mz) 



E24Wm$ + 2T,(z) + A*W 



.fe=i 



where 



and 



*mw= n 



z - 4>t{c) 



(t) 



fc=i 



Note that, as in the proof of Lemma l^^ ii). we can write 



where 



RkA4>t)= n 



(z) - c 



r')'('/'M(c)) 



(0r')'(c) 



for fc = 1, . . . , n. This implies that 



E 



We write 



where 



Note that 



4)t{z) - (j)k,t{c) 4'tiz)-c_ 

(t)t{z) - (f)k.t{c) (j)t{z) - C RkA4>t) 
\*{t)+Pl{z,t) 



P{z,t) = 



P2{z,t) ' 

PHz,t) ^ Mz) + E^^m and P.(M) - 



P2{pt{z).t) 



1 



■P2{z,t) 



and also, by Lemma [ 

P{pt{z),t)^p't{z)P{z,t)-pt{z) 
for all G Ff. This implies that 

(4.3) P*ipt{z),t) ^ P*iz,t) - ptiz)P2{z,t) 
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for all pt e Ft. However, 



Pi(z,t) 



E 



P2{z,t) 

Substituting this into 



E E2^^w 



+ E'5^w 

fc=l 



(j>t{z) - (j)k,t{c) (j>t{z) - c Rk,t{<i>t) 



E E 

0tert \fc=i 



t{z) - (i>k.t{c) (l>t[z) - 
we deduce that we must have 



1 



and hence 
Pi(z,t) 



E 



1 



Mc)-m 

I 'Pt{z) - (j>k,t{c 



< oo 



k=l 



(l3t{z) ~ 4'k,t{c) (ptiz) - C 



converges. Hence for some real-valued function A(i), 

\*it) + P*{z,t) ^ \it) + Pi{z,t) 

and thus 



Piz,t) 



\{t)+P^{z,t) 

P2{z,t) 



□ 



Remark. 

(i) Note that by Lemmas I3.4r v) and I4.1f v). choosing a different value for c 
only changes the value of A(t). 

(ii) Similarly, choosing a different lift 7 of 7 (and hence a different but Fj- 
equivalent ^{t j) also changes the value of X{t). 

(iii) Let {V't}te[o,T] be a family of Mobius transformations preserving H such 
that ipt{z) is differentiable for almost all t. By considering ft — ft ° fpt, we 
can see that we get the same formula for t) when 00 € At. 

(iv) Similarly, by considering /( = ft ° ''pt, we deduce that the function X(t) 
depends only on the normalization of the Loewner chain {ft} and in par- 
ticular, we can choose a normalization for the functions ft such that X(t) 
is any continuous real-valued function. 

(v) If we reparameterize hy 1 1-^ then ft = fr(t) is a Loewner chain corre- 
sponding to 7 where ^{t) — j{t). Then 

Uz) ^ n{z)p{z,t) 

where 

P(z,t) = r(<)P(z,i). 
Hence, in particular, we can reparameterize such that 

2gt I x^n r / ,N / <t>t{z)-4>k,tic) 



P{z,t) 



t&rt 



<i>t{z)-m 



ELi4(t)(£ 



Mz) 

{z)-'t>k,t{c) 4>t(z)-c 



Y^" A, (i\ ( '^t(^) 'Af(^) A 

2^ij>t£Tt 2^k=l "kyi-) j(c) 4>t{z)-c) 
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where 



^t = - E E^^w 

4>tert fe=i 



Mm)^Mc) Mm) 



In particular, the residue at 2: = ^(t) of P{z,t) is —2. 
(vi) We can also apply Theorem 11.11 to the case where 7 is not a simple curve: 
in this case, we suppose that the functions ft map H conformally onto the 
unique F-invariant connected component of ]HI\7r~^(7(0,i]). Note that 
is then, in general, not continuous. On the other hand if 7 is non-crossing, 
then ^(i) is still continuous. 

5. A SPECIAL CASE 

We will consider the special case where T — {z 1^ e^°z) for some tq > 0. Note 
that i? = H/r is conformally equivalent to the annulus 

Aa.vro ={z:l<\z\< e^^'/-"} 

via the conformal map z i— > exp(— i27rlog(z)/To). 

Now let 7 : [0, T] ^ i? U 5i? be a simple curve such that 7(0, T] d R and 
7(0) £ dR. We define 7 to be a lift of 7 under the quotient map that starts from a 
point on M. Let ft be a conformal map of H onto 

oc 
/c— — 00 

It turns out that if we normalize ft such that /t(0) = and /t(oo) — 00, then 
we are able to determine the Fuchsian groups Tt beforehand: the mapping z 1-^ 
/(~"'^(e'^°^*)/((z)) generates Fj and is a Mobius transformation preserving H that 
fixes and 00; this implies that 

f,-\e^»^'^ft{z))=e^^'^^ 

for some T(t) e R and hence 

Tt = e''(*)z). 

Thus R \ 7(0, t] is conformally equivalent to H/Fj. Moreover, since the modulus of 
R\j{0,t\ is strictly decreasing, this implies that T{t) is strictly increasing. Also, it 
is easy to see that with this normalization, ft{z) is differentiable with respect to t 
in (0,r). Let ^{t) = f^^{^{t)). We want to find 

Piz t) = ^ 

Although in this case, we have 00 G for all t £ [0, T], we can still apply the 
methods in Lemma 13.51 and the proof of Theorem 11.11 with the function 

m 

where 



e(fe+i)-r(*)c 



.k— — oo 



for fc > 0, 
for fc < 0, 
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and c ^ M \ {0}. We note that 



lim 

N^oo 



N 



n ^k{t)— 



.k=-N 



m 



N^oo 

m 



z — e 



(- 

V z 



Hence 
We define 

Then satisfies 
Let 



S*(e^Wz) = S*(z) + <5(0f(0. 



1 1 



(/c+i)r(t)c_^(^) e'^^Wc-CW 



for some c e M. Then Tt(z) satisfies 

k — — OQ 

Note that 

E°° 5^ 1 = ]• \^ - ^ 

e(fe+i)r(t)c-^(t) e'^-^Wc-eW ^ e(fe+i)^(*)c - ^(i) e''^Wc~£,{t) 

= Km 

Af— >oo 
_ 1 



AT 



e(A+i)T(t)c-^(t) e-^^(*)c-C(i) 



Thus 



We let 5{t) = jfj^rrjj^. Then, as in the proof of Theorem [TTTl 9(t) = St(z) — Tt(z) is 
a simple automorphic function and hence does not depend on z. Thus Qt{z) — A*(t) 
and A*(t) must be real. Hence 

St(z)-Tt(z) = A*(i) 
^ P(z, = -2zT{t)m [\*{t) + Tt(z)] . 

Thus we have proved the following theorem 

Theorem 5.1. For almost all t e (0,T), ft{z) satisfies 

Mz) = niz)Piz,t) 



22 



J. TSAI 



where 

for some X{t) e R and c e R \ {0} . 

The difference between this case and the general case is that up to reparame- 
terization, Ft, does not depend on the curve 7; this is because, up to conformal 
equivalence, the set of doubly-connected domains forms a one parameter family 
of domains. For general Riemann surfaces, the family of Fuchsian groups {Tt} 
depends on the curve 7. 



6. The solution to the Loewner differential equation 
Firstly, recall that if ft satisfies 

Mz) ^ f^{z)P{z,t), 
then the inverse function gt = f^^ satisfies 

gt{z)^-P{9t{z),t). 

In this section, we will prove that given a finitely-generated Fuchsian group F of 
the second kind with no parabolic or elliptic elements and P{z, t) as in Theorem 
11.11 the differential equation 

(6.1) 9t{z) — -~P{gt{z),t) with initial condition .go(^) = z 

has solution gt{z) and each function gt is a conformal bijection of some domain 
i/t C H onto H. Moreover Ht satisfies 

(f){Ht) = Ht for aU e F 

i.e. Ht is F-invariant. Let tt : EI ^ H/F be the quotient map. Then this implies 
that Rt = TT{Ht) is a family of sub-Riemann surfaces of i? = EI \ F and also, 
Kt = tt(H.\ Ht) is a continuously growing family of hulls in R. We remark that 
for fixed z, (|6.ip is an ordinary differential equation and so we are guaranteed a 
solution up to a certain time T^. 

We will first consider the case when F = (z 1— > e'^°z) for some tq > 0. Then 
P{z,t) is given by Theorem 15. II 

Theorem 6.1. Suppose that^,X e C{[0,T]) andr e C^{[0,T]) such that ^{t),T{t),f{t) > 
for all t e [0,T] and suppose that c G M \ {0}. For fixed z G H, let gt{z) be the 
solution to the differential equation 

gtiz) = -Xit)gtiz) + E (^,..,),^(,)_^(,) + 

with initial condition go^z) = z. Let Tz > be the supremum of all t such that the 
solution gt{z) is well-defined up to time t with gt{z) G H. Then the function gt is 
a conformal mapping of Ht — {z : Tz > t} onto H such that for all k G Z, 

gtie'^^^'^gr\z)) = e'^^^'h. 

Also, Ht is {z i—f e'^° z) -invariant. 
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Proof. For C,w e H, let $t(C,w) = P{(,t) - P{u!,t) where 

_ fmit> 

feez 

Then for fixed a; e H, $t (C, w) vanishes when <^ = a; so we can write 

$t(C,a;) = (C-a;)*t(C,w), 

where ^"{(0^,0;) 7^ 0. 

Let At(2:, ti;) = gt{z) — gt{w) for z,w & Hf. Then 

Ai(z,w) = -A((z,w;)4't(s(t(^),5ft(w;)). 

Since Ao(^;, w) = ^; — w, this differential equation has solution 



Af{z, w) = {z — w) exp 



^t{9t{z),9t{w))dt 



This implies that gt{z) is continuous with respect to z. Then the fact that P{z,t) 
does not have any poles in H implies that gt{z) is one-to-one, and analytic. Also, 
by definition, gt{Ht) C H. We need to show that gt{Ht) = H. 

Fix to e [0, T] and take any w e H, we will find w' G H^^ such that gta [w') = w. 
To do this, we start with the point w and run the inverse flow of the differential 
equation starting from i.e. 

ht{w)^ P{ht{w),t^-t) 

with initial condition ho{w) = w. We need to show that a solution exists for all 
< t < to and that the solution remains within the upper half-plane. Note that the 
only way a solution ceases to exist is if, for some t G (0, to), ht{w) = e'^'^(*°^*'^(io— 
for some fc G Z or ht{v!) = 0. However, if ht{w) is close to ^{to — t), then 

Thus ht{w) cannot approach ^(to — t). Similarly for the points e'^'^^*''~*)^(to — t). 
This also implies that ht{w) cannot approach since the points e'^'^(*°^*^^(to — t) 
accumulate at 0. Hence the solution exists for all t e [0, to]- Also, for any t G [0, to\, 

Im[A,(C)] =Im[P(C,t)] -0 

for all C e R \ {0} with Q ^ e''^^^^£,{t) for all k e Z. Thus by connectivity this 
implies that ht{w) S EI for all t G [0,to]. Hence a solution ht{w) to the inverse flow 
starting at w exists up to time to and remains in H. Let w' = hto{w). Then note 
that ht(y-t{w) is a solution to 

gt{w') = -P{gt{z),t) 

with initial condition go{w') = w' ■ Hence by uniqueness of solution of ordinary 
differential equations, we must have gt{w') = hto-t{w) and in particular gto{w') = 
ho{w) = w. 

It only remains to show that 

gt{e''^^''^9r\z)) = e>'^^*h. 

Firstly, P{z, t) satisfies, for all k gIj, 

P{e''^^*h,t) = e'=^Wp(^,t) - kf{t)e''^^*h. 
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This imphes that if we let gt{z) — e'^'^'^^^ gt{z) (for some k £ Z), then 

tt{z)^~p{M^),t) 



with go{z) = e'=''(")2. By the uniqueness of solution of ordinary differential equa- 
tions, we have 



and this implies that 




When r is a non-elementary Fuchsian group (i.e. the limit set contains infinitely 
many points), the situation is more complicated. The reason is that in the previous 
case, Ft is does not depend on ^(t) and X(t) (up to reparameterization); this is 
not true for non-elementary F. This corresponds to the fact that the Teichmiiller 
space of an annulus is one-dimensional (see p] Chapter VI] for more details on 
Teichmiiller spaces). 

Thus if we want the solution of a differential equation to be a Loewner chain 
compatible with H/F for a finitely-generated non-elementary Fuchsian group of 
the second kind F with no parabolic or elliptic elements, we need to determine 
beforehand the family {Tt)t(^[a.b] of Fuchsian groups that we want the Loewner 
chain to correspond to. This is akin to finding the path in Teichmiiller space that 
corresponds to the evolution described by the differential equation. 

Recall that any Mobius transformation that preserves HI is specified by 3 real 
parameters (see e.g. [H p. 77]). For example, if we take 2 ordered triples of distinct 
points in M, {pi,p2,P3) and (qi, (72, Qs), then there is a unique Mobius transformation 
(f) satisfying 



for j = 1,2,3 and 0(H) — H. Moreover, the formula for 0(z) can be determined 
using cross-ratios (see [H Section 4.4]), namely 



The idea is to pick 3 distinct points pi,p2,P3 in M and study their evolution as well 
as the evolution of their images under elements of F given by P{z,t). This will 
allow us to determine the appropriate family of Fuchsian groups {F^} which we can 
then use with the Loewner differential equation. 

Suppose that F = {ipi,--- ,'!/'m) is a finitely-generated Fuchsian group of the 
second kind. For distinct pi,P2,P3 G ^ \ A, let V — {pi,j{t) : Z = 0, . . . , to and j — 
1,2,3} be a family of functions such that: 

• for I — I, ... ,m and j = 1, 2, 3, pi^t ■ [0, T] — s- R is a continuous function for 
some T > 0; 

• for j = 1,2,3, poj(O) = Pj and pi,j{0) = ^pl{pj) for ^ = 1, . . . , to. 

Then V defines a family of groups {Ft}tg[o,T] such that each Fj is the group gener- 
ated by ipi^t, ■ ■ ■ '4'm,t where tpi^t is the unique Mobius transformation that satisfies 

V'/,t(Poj"(i)) —PLj{t) and ■(/;/,* (H) = H for all / = 1 . . . , to and j = 1,2,3. 

In particular, Fq = F. 



(6.2) 



(gi - g3)(g2 - H^)) ^ jpi -P3)(p2 - z) 
{qi - ?2)(g3 - 0(z)) (pi - P2){p3 ~ z) ' 
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Lemma 6.2. Suppose that T is a finitely-generated Fuchsian group with no par- 
abolic or elliptic elements. Then for any family V with Tt as above, there exists 
S € (0, T] such that for t G [0, S], Tt is a Fuchsian group of the second kind. 

Proof. By considering fixed points or traces (see [H Section 4.3]), it is easy to see 
that a sequence of elliptic Mobius transformations (p„) that preserve H cannot 
converge to a hyperbolic Mobius transformation cf) that preserves H as n — + oo. 
This implies that there exists S" € (0, T] such that Fj does not contain any elliptic 
Mobius transformations. Theorem 8.1 in [4] then implies that Tt is a Fuchsian 
group for t e [0,5"]. 

Also, from the definition of (f>i.t{z) in terms of cross ratios in (|6.2p . it is clear that 
4>i,t{z) varies continuously in t. This implies that the fixed points of each (pt G Fj 
also vary continuously in t. Since the limit set of Tt is the closure of the hyperbolic 
fixed points of elements in Ft (see Section 2), this implies that we can find S G (0, S'] 
such that Ft is a Fuchsian group of the second kind for alH G [0, S*]. □ 

Theorem 6.3. Suppose that A,^ G C([0,cx))). Let T = {tpi, ■ ■ ■ ,ip,n) be a finitely- 
generated Fuchsian group of the second kind with no parabolic or elliptic elements 
such that ^(0) is not contained in the limit set A o/F. Also, Zei c G K \ A. 

Take distinct points pi,p2,P3 G R\ A such that pi,p2,P3 7^ 0(?(O)) for all e F. 
Consider the system of differential equations 

for I ~ 0, . . . ,m and j = 1, 2, 3, where 



P{z,t) 



Mt) + l^^tert [wiFcW + 2^k=i <>k[t) y—^ 



t(z)-0fc,t(c) 0t(z)-C, 



<i''tiz) 



t.t(c) ct>t(z)-c ^ 

with initial conditions given by poj(O) — Pj and pij{0) — ipiiPj) for I — l,...m 
and j — 1, 2, 3. Here 

andipi^t is the unique Mobius transformation that preserves H and satisfies 'ipi^tiPQ,j{t)) 
Pi,j{t) for I = 1, . . . , m and j = 1, 2, 3; 4>i,t, • ■ ■ , 4'n,t are the hyperbolic free genera- 
tors ofTt; Si{t), . . . , Sn(t) are chosen such that the sum in the numerator of P{z, t) 
converges; and 



0tert 



mm mm 



Mm)-Mc) Mm) 



Note that P(z,t) can be given explicitly in terms of ^{t), X{t) and pij{t) for I — 
0, . . . , TO and j — 1, 2, 3. 
Let 

-^pi>P2,P3 largest time such that the above system of differential equa- 

tions has solution {pij{t)} for I = 0, . . . ,m and j = 1, 2, 3 and let 

^ — sup ^P1,P2,P31 
(Pl,P2,P3) 

where the supremum is taken over all triples (pi,P2,P3) of distinct points with 
pi,P2,P3 G M \ A and pi,P2,P3 7^ 0(^(0)) for all (p GT. Then Ft is well-defined for 
t G [0,T]. Suppose that gt{z) is the solution to the differential equation 

gt{z)^~P{9t{z),t) 



26 



J. TSAI 



with initial condition go{z) = z. Let Tz be the supremum of all t G [0,T] such that 
the solution is well-defined up to time t with gt{z) G H. Then, for t G [0, T], the 
function gt is a conformal map of Ht — {z : Tz > t} onto H such that 

gtoTo g-^ = Ft 

for all t < T . Also, Ht is T -invariant. 

Proof. First note that di{t), . . . , Sn{t) can be determined by solving the system of 
hnear equations given in Lemma l4.31 and, in particular, they can be given in terms 
of £_{t), X{t) and pij{t) for / = 0, . . . , m and j = 1, 2, 3. 

Now, Lemma 16.21 implies that we must have Tp-^^p^^p^ > 0. Then for t G 
[0, Tpj^p^^pg], the same argument as in the proof of Theorem 16.11 implies that gt{z) 
is continuous, one-to-one, and differentiable and gt{Ht) C H. Note that, P{z,t) 
satisfies 

(6.3) P{Mz),t) = ^'tiz)P{z,t) - for 0t G r*. 

Since the residue of P{z, t) a± z — ^{t) is equal to —2, (|6.3p implies that the residue 
of P{z, t) at each point in the Ff-orbit of ^{t) is also negative. Hence, by considering 
the inverse flow as in the proof of Theorem 16.11 we can show that gt{Ht) = H. 
Now, for some I — 1, ... ,m, lei gt{z) — ipi,t{gt{z)). Then (|6.3p implies that 

Uz)^-P{gt{z).t) 

and 'go{z) = ipi{z). Then the uniqueness of solution of ordinary differential equa- 
tions implies that 

gt{z) = gMiiz)) 

and hence 

9t o V'; o = i^Ut 

for I = 1, . . . ,m. This implies that Tt — gtoT o g^^ and also that Ht is F-invariant. 

Finally, we need to show that if we choose two triples (pi,?32,P3) and (pi,p2,P3), 
then we generate the same Ft and for < t < min(rpj^p2_p3, Tpj^p^.pa)- So suppose 
that we run the above argument with {pi,P2,Pz) and {pi,p2,P3) to obtain {pi.j{t)} 
and {pi,j{t)} respectively and we use {pi,j{t)} to obtain Ff and gt as above. Then 
we note that gt{pj) satisfies the same differential equation as poj{t) and gt{ipi{pj)) 
satisfies the same differential equation as pij (t) for each I = 1, . . . , m and j = 1,2,3. 
This implies that for I = 1, . . . , m and j = 1, 2, 3, we must have 

Then the fact that F^ = t^f o F o g^T implies that the family of Fuchsian groups 
generated by (pi,p2,P3) and {pi,p2,p3) are both the same and hence they both give 
rise to the same conformal map gt. Hence we can define Ft and gt for all t G [0, T], 
where 

T — sup Tp^p^p^. 

Pi,P2,Pa 

where the supremum is taken over all triples (pi,p2,P3) of distinct points with 
Pi,P2,P3 G R \ A and pi,p2,Pz + 0(C(O)) for all G F. □ 



Remark. 
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(i) As with the simply-connected versions of the Loewner differential equation, 
we note that the Riemann surfaces 7r(i7t) (where tt : H ^ H \ F is the 
quotient map) are not necessarily obtained from H/F by removing a curve 
growing from the boundary (see the example of a spiral constructed by 
Marshall and Rohde in [lO]). 

(ii) If F is a Fuchsian group of the second kind with no elliptic elements such 
that H/F is a Riemann surface with boundary, we can obtain the same 
result by approximating F with Fuchsian groups of the second kind that 
only contain hyperbolic Mobius transformations. 

7. Some remarks on stochastic Loewner evolution 

As mentioned in the introduction, the motivation of the results in this paper 
is that we want to define a version of stochastic Loewner evolution on multiply- 
connected domains and Riemann surfaces. We now give an informal overview of 
how this can be done. Firstly, note that in the simply-connected case, there are 
two natural normalizations and parameterizations for the conformal mappings ft (or 
Qt = /(~ ) which result in the chordal and radial versions of the Loewner differential 
equation (see [7j Sections 4.1 and 4.2]). Let us restrict our attention to the chordal 
Loewner differential equation: 

Suppose that 7 : [0, oo] ^ H is a simple curve with 7(0,00) e H and 7(0) = 
0, 7(00) = 00. If 7 is conformally invariant, then the driving function of the chordal 
Loewner differential equation ^{t) is forced to be y^Bt for some k > where 
Bt is standard 1-dimcnsional Brownian motion (see jT] p. 147]). We define the 
solution gt to the chordal Loewner differential equation with ^{t) — ^/kBi to be 
chordal stochastic Loewner evolution with parameter k (chordal SLE^). It can be 
shown that, for any k > 0, chordal SLE^ is almost surely generated by a curve 
7 : [0,00) H that does not cross itself (see [Tj Theorem 6.3]). 

Now suppose that F is a Fuchsian group preserving H such that H/F is a Riemann 
surface with boundary. In this case, there is typically no "natural" normalization for 
the Loewner chain corresponding to a curve 7 on H/F. In addition, the argument 
in the simply-connected case no longer works and hence there is no "fixed" choice 
for the functions ^(t) and \{t) in Theorem 16.31 However, we do expect a SLE on 
a Riemann surface to "look like" a chordal SLE^ and this suggests that — ^{t) 
should satisfy the stochastic differential equation 

= yj^dBt + h{t)dt 

for some function h{t). Thus we can define many versions of stochastic Loewner 
evolutions on H/F by choosing different functions for h{t) and X{t). SLE can 
then be defined on any Riemann surface R that is conformally equivalent to H/F. 
The problem then becomes one of finding the right h{t) and X(t) for a particular 
application. 
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